We consider a generalization (X 0 , X 1 ) p 0 ,p 1 of the method of means to arbitrary nondegenerate functional parameter. In this case non-trivial embedding (X 0 , X 1 ) p 0 ,p 1 ⊂ (X 0 , X 1 ) q 0 ,q 1 take place. We find necessary and sufficient condition for such embedding if 1 q 0 p 0 ∞ and 1 q 1 p 1 ∞ or 1 p 0 q 0 ∞ and 1 p 1 q 1 ∞.
Introduction
Recently in [11] a new family (X 0 , X 1 ) p 0 ,p 1 of real method constructions was introduced. The main advantage of this family is that all interpolation Orlicz spaces for couples of L p spaces could be described by these constructions. This family includes Janson functors (X 0 , X 1 ) ,q , which generalize to quasi-concave function parameters the famous Loins-Peetre construction. For quasi-power functional parameter the family (X 0 , X 1 ) p 0 ,p 1 was considered also in [3] . Non-trivial embedding are possible between the spaces of this family. The sufficient condition for the embedding were found in [6] . In the present paper we are going to prove that in a lot of cases the conditions found in [6] turns out to be necessary.
Preliminary remarks
We denote by (s, t) a positive function of two real positive variables s and t. Recall that such a function is called an interpolation function if it is homogeneous of the degree one, i.e.
(s, t) = ( s, t), and is an increasing function of both variables. In what follows we shall also suppose that (s, 1) → 0 and (1, t) → 0 as s → 0 and t → 0. As usual this property is denoted as ∈ 0 . It is well known that any interpolation function can be identified with the quasi-concave function (t) = (1, t) . Recall that interpolation function and corresponding quasi-concave function (t) is called non-degenerate if ∈ 0 and (s, t)
Recall that for any function ∈ 0 there exists so called balanced sequence {u m } m∈M , where M is an interval of integers [2] . We are not going to discuss here the definition and the properties of the balanced sequences of interpolation function referring to [2] for details. However we recall that there are several ways to construct a balanced sequence for a given function ∈ 0 , (see [4, 1] ). For instance it may be constructed inductively by u 0 = 1 and
Note that non-degenerate functions may be characterized by the domain interval M of the balanced sequence being equal to Z. As usual l r 0 denotes the space of real sequences { m } m∈M such that
and l r 1 (u −1 m ) denotes the weight sequence space such that
Recall also the definition of the K-functional with respect to a Banach couple {X 0 , X 1 }.
where infimum is taken over all representations of x as a sum of x 0 ∈ X 0 and x 1 ∈ X 1 . The function K(s, t) is concave and it is uniquely defined by the function K(1, t, x; {X 0 , X 1 }) which is also denoted by K(t, x; {X 0 , X 1 }).
We need only the following nice property of the balanced sequences. If we denote now b = { (1, u m )} m∈M , then for any balanced sequence {u m } m∈M of the given interpolation function and any 1 r 0 , r 1 ∞ we have
(1)
where w m ∈ X 0 ∩ X 1 and { w m X 0 } ∈ l p 0 , {u m w m X 1 } ∈ l p 1 and {u m } m∈M is a balanced sequence of the interpolation function .
The norm in (X 0 , X 1 ) p 0 ,p 1 is naturally defined. In the case of (s, t) = s 1− t , 0 < < 1 these spaces were introduced by Lions and Peetre and were called the spaces of means (see [7] ). In this case we take {u m } m∈Z = {2 m } m∈Z . In the case of quasi-power functions again we can take {u m } m∈Z = {2 m } m∈Z (see [3] ). Recall that quasi-power functions lay between power functions in the following sense. Any quasi-power function is equivalent to (s 1− 0 t 0 , s 1− 1 t 1 ) for some interpolation function and some 0 < 0 , 1 < 1.
This definition of the spaces (X 0 , X 1 ) p 0 ,p 1 makes clear interpolation properties and linear structure of these spaces. In what follows we use the description of the spaces (X 0 , X 1 ) p 0 ,p 1 in terms of the K-functional (see [11] ) and the Calderon-Lozanovskii construction.
Recall that the Calderon-Lozanovskii construction allows to introduce an intermediate Banach lattice (X 0 , X 1 ) with the help of two Banach lattices X 0 and X 1 and an interpolation function . The space (X 0 , X 1 ) consists of x ∈ X 0 + X 1 such that
for some x 0 ∈ X 0 and x 1 ∈ X 1 .
Let now {X 0 , X 1 } be any Banach couple, let be any non-degenerate interpolation function from 0 , and let
where K(s, t, x; {X 0 , X 1 }) is the K-functional of the element x ∈ X 0 + X 1 , and {v m } m∈M is a balanced sequence of the function K(s, t, x; {X 0 , X 1 }).
We were unable to use this description as a definition of spaces (X 0 , X 1 ) p 0 ,p 1 from the very beginning because even the linear structure of the space (X 0 , X 1 ) p 0 ,p 1 is unclear from the description above as well as interpolation structure since the interval of integers M depends on the element x. As we see in what follows this description is very convenient for study of embedding properties.
We prove in [6] that the following embedding is valid.
Theorem A. Let and be non-degenerate interpolation functions, let
, where {u m } is a balanced sequence of the function , and r
The objective of the present paper is to prove that in the case of p 0 q 0 ,
m )) turns out to be necessary for the corresponding embedding.
Main theorem
We want to show that the following theorem is true.
Theorem 1. If interpolation functions and are non-degenerate and such that
where {u m } is a balanced sequence for the interpolation function , and r
The proof of this theorem is based on the orbital description of the spaces (H 0 , H 1 ) p 0 ,p 1 and (H 0 , H 1 ) q 0 ,q 1 in the case of Hilbert couples {H 0 , H 1 } (see [6] ). This description uses the Neumann-Schatten classes of operators mapping Hilbert spaces.
As usual the ideal of linear bounded operators T, mapping Hilbert space H into Hilbert space G, such that
where p < ∞, will be denoted by S p (H → G). It will be convenient in this paper to denote by S ∞ (H → G) the space of all linear bounded operators mapping H into G.
(Recall that usually S ∞ (H → G) is used for the ideal of all compact linear operators mapping H into G.) Let {F 0 , F 1 } be some couple of Hilbert spaces and let be an interpolation function from 0 , then we denote by b any element from F 0 + F 1 such that
For brevity we also denote
By the way so we have Theorem B (Kravishvili [6] 
Recall that the orbit of the element b is equal to the set of all elements from H 0 + H 1 having the form T (b ) where T runs over the space of operators
consists exactly of elements of the form T (b ).
The question whether there exists such an element b and the corresponding couple of Hilbert spaces for any turns out to be not so complicated because we can take the sequence { (1, u m )} as b and the couple of weighted sequence spaces {l 2 , l 2 (u −1 m )} as {F 0 , F 1 }. Indeed in view of (1) we obtain what we need. F 1 → H 1 ) . It turns out (see [9] ), that if some operator T maps the Hilbert couple {H 0 , H 1 } into the Hilbert couple {F 0 , F 1 }, and T ∈ S p 0 (F 0 → H 0 )∩S p 1 (F 1 → H 1 ) , then there exists a couple of Hilbert spaces { F 0 , F 1 } and operators T :
Therefore b ∈ ( F 0 , F 1 ) r 0 ,r 1 by Theorem B. In view of (2) the latter is equivalent to
where {v m } is a balanced sequence for the interpolation function
Thus we get First let us note that since the spaces (X 0 , X 1 ) p 0 ,p 1 are K-monotonic (see [5] ), the embedding (4) easily translates to arbitrary Banach couples. Thus we have
In particular it is true for any couples of weighted spaces
where we use the Calderon-Lozanovskii construction from the right side. Hence
It turns out that embedding similar to (6) 
where b runs over all elements such that { b (1, v m 
Proof. The proof is based on the exactness in the interpolation theorem for the Calderon-Lozanovskii construction for operators mapping a couple
This exactness was recently proved in [12] . It is shown in [12] that for any interpolation function and any
Let us return to the proof of Lemma 1. If we take now any
Hence by interpolation property of the Calderon-Lozanovskii construction (see [8] ) we obtain
) what we need. Lemma 1 is proved. Recall that we denote by r 0 and r 1 indices satisfying to 1/r 0 = 1/q 0 − 1/p 0 and 1/r 1 = 1/q 1 − 1/p 1 . It is easily seen that conjugate indices r 0 and r 1 satisfy to inequalities
(Recall that by definition 1/r 0 + 1/r 0 = 1, 1/r 1 + 1/r 1 = 1).
Thus we are able to apply Lemma 1 to couples
Let us again recall that the Calderon-Lozanovskii construction coincides with the construction (X 0 , X 1 ) r 0 ,r 1 on couples
for couples with arbitrary weights. Now again we apply the K-monotonicity of the functor (X 0 , X 1 ) r 0 ,r 1 and deduce from (7) that
Recall that b everywhere above runs over the space
Thus any element y ∈ b (H 0 , H 1 ) r 0 ,r 1 is an image of b with respect to some operator
, where the product T T is a trace class operator, i.e.
Hence
Thus we have shown that embedding
implies embedding
Now we apply the description of conjugate space for (X 0 , X 1 ) p 0 ,p 1 (see [5] ). Evidently we have
as a consequence of (9), where Y 0 denotes the closure of 1 for regular couples {X 0 , X 1 } and nondegenerate functions (see [5] ), then (10) implies
Since the category of all conjugate regular Hilbert couples coincides with the category of all regular Hilbert couples we obtain
Thus we have shown that embedding (8) implies the embedding (12) . Now applying this implication to the embedding (12) itself we conclude that 
